In this paper we study Fn(x, k), the number of binary strings of length n containing x zeros and a longest subword of k zeros. A recurrence relation for Fn(x, k) is derived. We expressed few known numbers like Fibonacci, triangular, number of binary strings of length n without r-runs of ones and number of compositions of n + 1 with largest summand k + 1 in terms of Fn(x, k).
Introduction
Let B n denote the set of all binary strings of length n and B
x,k n denote the set of all binary strings of length n with x zeros and having at least one longest subword of zeros of length k. For example, B 4,2 6 = {100100, 010100, 010010, 001100, 001010, 001001}.
Consequently, a necessary condition for B x,k n to be nonempty is n ≥ x ≥ k ≥ 0. An immediate observation is that B n = ∪ n x=0 ∪ x k=0 B
x,k n . If |S| denotes the cardinality of the set S, then we have
where F n (x, k) = |B x,k n |. The value of F n (x, k) is defined to be zero whenever n < 0. Many counting problems on binary strings can be expressed in terms of F n (x, k). For example, 1. the number of binary strings of length n with x zeros is n x . Hence we have
F n (x, k).
2. the number of binary strings of length n with at least r consecutive zeros is equal to n x=r x k=r F n (x, k).
3. the number of binary strings of length n with no consecutive zeros is f n ,(see for example [9, 4] ), where f n = f n−1 + f n−2 , n ≥ 3 and f 1 = 2, f 2 = 3. Hence
F n (x, 0) + F n (x, 1).
Let C n denote the n th Catalan number. It is known that C n = 2n+1 n+1 − 2 2n n+1 (see [11] ), hence from Equation (2) it follows that every Catalan number can be written in terms of F n (x, k). In Equation (3) we showed that Fibonacci numbers can be expressed in terms of F n (x, k), similarly we will show that triangular numbers, oblong numbers, tetrahedral numbers are also expressed in terms of F n (x, k).
In Section 2, we will address the problem of finding all (x, k) such that B
x,k n = ∅. We will also count the number of such sets. In Section 3 we will give a recurrence formula for F n (x, k). In the last Section 4, we will show that the problems posed in [7] can be expressed in terms of F n (x, k). One to one correspondence between set of compositions of n + 1 with largest summand k + 1 and B
x,k n is provided in the Subsection 4.1.
2 Finding all (x, k) with F n (x, k) > 0.
The condition that n ≥ x ≥ k ≥ 0 for F n (x, k) > 0 is necessary but not sufficient. For example, for n = 5, B
x,k 5 = ∅ if and only if (x, k) ∈ {(0, 0), (1, 1), (2, 2) , (3, 3) , (4, 4) , (5, 5) , (2, 1) , (3, 1) , (3, 2) , (4, 2), (4, 3)}. Also note that if k = 0, then x = 0 and 11 · · · 111 n times is the only element in B 0,0 n . The following result establishes upper bound on x (or equivalently lower bound for n − x) for a given n, k ∈ N such that F n (x, k) > 0. For example, if n = 5 and k = 1, then the maximum value x can assume is 3. Recall if y ∈ R, then ⌊y⌋ denotes the largest integer less than or equal y.
Lemma 2.1. Let n, k ∈ N and n ≥ k. Then
Proof. Suppose that F n (x, k) > 0 or equivalently X ∈ B
x,k n . Then by definition, X contains x 0 ′ s and n − x 1 ′ s, further X does not contain a subword with only 0 ′ s of length k + 1 or more. Hence maximum number of subwords in X with only 0 ′ s and of length k are at most ⌊
where Y = 000 · · · 0 k times 1 be a subword of X of length k + 1 containing k consecutive 0 ′ s followed by a 1.
In the above lemma, we found an upper bound for x for a given n and k. Since F n (x, x) > 0 for all 0 ≤ x ≤ n, hence for a given n and x the maximum value for k such that F n (x, k) > 0 is x. For fixed n and x, the following result will provide the least value of k such that F n (x, k) > 0. Corollary 2.2. Let n, x ∈ N be fixed and F n (x, k) > 0. Then the smallest value of k is ⌊ n n−x+1 ⌋.
Proof. For each i, 0 ≤ i ≤ n, we define the sets
Then from Corollary 2.2 we have
Hence the result is derived from the fact that
3 Formula for F n (x, k)
In this section we will find a recurrence formula for F n (x, k). First we explore the values of F n (x, k), which will follow immediately from its definition.
2. From Equation (2) and F n (2, 2) we have
for all n ≥ 2. Hence the set {F n (2, 1) : n ∈ N, n ≥ 2} is the set of triangular numbers.
Proof. Suppose a 1 a 2 . . . a n be a binary string of length n which contains x zeros among which x − 1 are consecutive. Then a i = a i+1 = a i+2 = · · · = a i+x−2 = 0, for some i ∈ {1, 2, . . . , n − x + 2}, further a i−1 = a i+x−1 = 1, whenever i = 1, n−x+2. If i = 1, then a x = 1 and if i = n−x+2, then a n−x+1 = 1. Thus for each i ∈ {2, 3, . . . , n − x + 1}, there are n − x − 1 possible choices to place remaining zero. And for i = 1 or i = n − x + 1, there are (n − x) possible choices to place remaining zero. Hence
Thus for x ≥ 3, the sequence {F n (x, x − 1)} is the sequence of oblong numbers. Similarly one can prove that the sequence {F n (3, 1)|n ≥ 5} is the sequence of tetrahedral numbers.
The following result computes F n (x, k) explicitly whenever x − k < k.
x,k n with first k bits as zero. Similarly there are
x,k n with the last k bits equal to zero. If we choose k consecutive zeros as a i = a i+1 = · · · = a i+k−1 = 0, for i ∈ {2, 3, . . . , n − k}, then (x − k) zeros can be placed at any of the remaining n − (k + 2) places in the string. Thus for each such i, there are
strings which belong to B
x,k n . Hence the result follows.
Using above theorem, we can compute F n (n − 1, k), for all possible values of k except when n is odd and k = n−1 2 . In this case the value of F n (n − 1, k) will be 1.
The following result provides a recurrence relation for F n (x, k). The results which we proved till now in this section will supply necessary initial conditions, thus we can evaluate F n (x, k) for any n, x, k.
Proof. Let us denote G 
n , then y is of the form 1y 1 , where
Now suppose y ∈ G x,k n , then y is of the form 00 . . . 0 i times
Hence the result follows from Equation (4).
For example,
And B 3,2 6 = {001011, 001101, 010011, 011001, 100110, 101100, 101001, 110010, 001110, 011100, 100101, 110100}. Now we will give a direct proof for Equation (3) . That is 1 + n x=1 F n (x, 1) satisfies the recurrence relation f n = f n−1 + f n−2 , n ≥ 3 with initial conditions f 1 = 2, f 2 = 3. Let a n = 1 + n x=1 F n (x, 1). Then a 1 = 1 + F 1 (1, 1) = 2 and a 2 = 1 + F 2 (1, 1) + F 2 (2, 1) = 3. We will prove result for n > 2 using Theorem 3.2.
F n−2 (x − 1, 1) = a n−1 + a n−2 .
We now express few of the above identities in terms of matrix equations by constructing a matrix using the numbers F n (x, k). For a given n, F n denotes an (n + 1) × (n + 1) matrix and is defined as F n = [a xk ], where a xk = F n (x, k) for 0 ≤ x, k ≤ n. For example, F n e n+1 = 2 n .
from the Equation 2, we have
The n th row of Pascal triangle.
3. the row vector e T n+1 F n provides column sums of F n . Since the first column of F n is the vector [1, 0, . . . , 0]
T hence the sequence of first column sum of 1, 1, 1, . . 2, 4, 7, 12, 20, 33, 54, 88 , . . .).
.). And from Equation 3, we have ((e
4. from Theorem 2.3, the number of nonzero entries in the matrix F n is equal to |S n |.
The eigenvalues of F n are 1, 1, 2, 3, . . . , n. Hence the trace and determinant of F n are respectively 1 + T are eigenvectors corresponding to eigenvalue 1. We will explore few more properties of these matrices in our future work.
Applications
Equation 3 counts the number of binary strings having no pair of consecutive 0's, (or no pair of consecutive 1's). A binary string with no subword of length r of zeros for r ≥ 1 is called as a binary string having no r-runs of 0's [7, 8, 3] . R. Grimaldi and S. Heubach [3] , showed that the total number of binary strings of length n having no odd runs of 1's is equal to f n+1 , the (n + 1) th Fibonacci number. M. A. Nyblom [7] related r-Fibonacci sequences for any fixed integer r ≥ 2 to total number of binary strings of length n without r-runs of 1's. M. A. Nyblom in [7] denoted S r (n) as the set of all binary strings of length n without r-runs of ones, where n ∈ N and r ≥ 2, and T r (n) = |S r (n)|. For example, if n = 3, r = 2, then S 2 (3) = {000, 101, 001, 100, 010}, T 2 (3) = 5. M. A. Nyblom in [7] showed that
T r (n − i) f or n > r with r initial conditions T r (s) = 2 s for s = 1, 2, . . . , r − 1 and T r (r) = 2 r − 1. The following result expresses T r (n) in terms of F n (x, k). Proof. It is easy to see that initial conditions follow from the Equation (1). For s = 1, 2, . . . , r − 1,
For s = r,
Applying this to F n (x, 1), F n (x, 2), . . . , F n (x, r − 1) we get
. . .
In order to show T r (n) = 1 + r−1 k=1 n x=k F n (x, k) for n > r, it is sufficient to show that 1 +
T r (n − i).
Now by substituting the values of F n (x, 1), F n (x, 2), . . . , F n (x, r − 1), and by using the fact that
F n−i (x, k) f or k ≥ t and i ≥ k, we can rewrite Equation (5) as
Hence the result follows.
Let O n (x, k) denote the total number of ones in B
x,k n and O n (r) as the total number of zeros in S r (n), for example O 2 (3) = 10. It is easy to see that O n (x, k) = (n − x)F n (x, k). M. A. Nyblom in [7] proved that
with r initial conditions O r (s) = s2 s−1 for s = 1, 2, . . . , r.
It is easy to see that initial conditions follows from the Equation (2). For s = 1, 2, . . . , r, we have
Now we use O n (x, k) = (n − x)F n (x, k) and Theorem 3.2 to prove that
O r (n − i) + T r (n) for n > r which is similar to the proof of Theorem 4.1.
Number of compositions and partitions of n + 1
A composition of a positive integer n is a sequence k 1 , k 2 , . . . , k r of positive integers called summands of the composition such that n = k 1 + k 2 + · · · + k r . It is well known that the number of compositions of n is 2 n−1 (see [10] , [1] ). There is a one to one correspondence between compositions of n and binary sequences of length n − 1 (refer Section 5 in [3] ). Few interesting applications of column sums of F n are:
1. the k th column sum of F n is the number of compositions of n + 1 with maximum summand k + 1. Consequently the total number of compositions of n + 1 is e T n+1 F n e n+1 = 2 n .
Further from the Equation 3
, the number of compositions of n + 1 with ones and twos is (e
F n ) 2 = f n , the same is derived by Krishnaswami Alladi and V. E. Hoggatt, Jr in [6] .
S. Heubach et al [2] counted number of "+" signs and number summands in all compositions of n. These results can be expressed in terms of F n (x, k) in the following manner.
1. It is clear that number of "+" signs in a composition of n is same as the number of 1's in the corresponding binary string of length n − 1. Hence the total number of "+" signs in all compositions of n is
2. The number of summands in a composition is one more than the number of "+" signs, hence the number of summands in all compositions of n is given by
Let P n denote the number of partitions of positive integer n. Then it is easy to see that
where P n+1 (x, k) denotes the number of partitions of n + 1 such that the binary strings corresponding to partitions of n + 1 belongs to B
x,k n . The Equation (6) can be derived by defining a relation on B x,k n as X ∼ Y if the lengths of subwords of zeros are same in both X and Y . Clearly this is an equivalence relation and P n+1 (x, k) is equal to number of equivalence classes of this equivalence relation. In other words, two elements X, Y ∈ B Hence P 7 (4, 2) = 2.
2. For n = 10, x = 7, k = 3 we have |B [Y ] = {0001001001, 0001001100, 0001100100, 1000100100, 0010001001, 0010001100, 0011000100, 0010010001, 0010011000, 0011000100, 1001000100, 1001001000}
[Z] = {0001001010, 0001010010, 0001010100, 0010001010, 0100010010, 0100010100 0101000100, 0010100010, 0100100010, 0101001000, 0010101000, 0100101000}.
Hence P 11 (7, 3) = 3.
From the Equation 6, we have |S n | ≤ P n+1 , further it is easy to check that |S n | = P n+1 holds only when n ≤ 5. Hence in order to find P n+1 it is sufficient to find P n+1 (x, k) for all x, k with 0 ≤ k ≤ x ≤ n.
Before stating the recurrence relation for P n+1 (x, k), it is easy to see that the following values of P n+1 (x, k) follow immediately from its definition whenever F n (x, k) > 0.
1. P n+1 (x, x) = P n+1 (x, x − 1) = P n+1 (x, 1) = 1. 
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